I.A-Khazzi and P.F. Smith called a module M have the property (P * ) if every submodule N of M there exists a direct summand K of M such that K ≤ N and N K ⊆ Rad( M K ). Motivated by this, it is natural to introduce another notion that we called modules that have the properties (GP * ) and (N − GP * ) as proper generalizations of modules that have the property (P * ). In this paper we obtain various properties of modules that have properties (GP * ) and (N − GP * ). We show that the class of modules for which every direct summand is a fully invariant submodule that have the property (GP * ) is closed under finite direct sums. We completely determine the structure of these modules over generalized f-semiperfect rings.
Introduction
Throughout this paper, all rings are associative with identity element and all modules are unital right R-modules. Let R be a ring and let M be an R-module. The notation N ≤ M means that N is a submodule of M . A module M is called extending if every submodule of M is essential in a direct summand of M [4] . Here a submodule L ≤ M is said to be essential in M , denoted as L M , if L ∩ N = 0 for every nonzero submodule N ≤ M . Dually, a submodule S of M is called small (in M), denoted as S << M , if M = S + L for every proper submodule L of M . By Rad(M ), we denote the intersection of all maximal submodules of M . An R-module M is called supplemented if every submodule N of M has a supplement, that is a submodule K minimal with respect to M = N + K. Equivalently, M = N + K and N ∩K << K [11] . M is called (f-) supplemented if every (finitely generated) submodule of M has a supplement in M (see [11] ). On the other hand, M is called amply supplemented if, for any submodules N and K of M with M = N + K, K contains a supplement of N in M . Accordingly a module M is called amply f-supplemented if every finitely generated submodule of M satisfies same condition. It is clear that (amply) f-supplemented modules are a proper generalization of (amply) supplemented modules.
M has the property (N − GP * ) for right R-modules M and N . We obtain that Let M = ⊕ n i=1 M i be a module and M i is a fully invariant submodule of M for all i ∈ {1, 2, . . . , n}. Then M has the property (GP * ) if and only if M i has the property (GP * ) for all i ∈ {1, 2, . . . , n}. We illustrate a module with the property (GP * ) which doesn't have the property (P * ). We give a characterization of generalized f-semiperfect rings via the property (GP * ).
2.
Modules with the Properties of (GP * ) and (N − GP * )
The following conditions are equivalent for a module M .
(1) M has the property (GP * ).
( Recall from [4, 3.6] that a submodule N of M is called coclosed in M if, N has no proper submodule K for which K ⊂ N is cosmall in M , that is, 
. Therefore M has the property (N − GP * ).
(⇐=) Clear.
Corollary 2.1. The following conditions are equivalent for a module M .
(2) For any coclosed submodule N of M , every direct summand L of M has the property (N − GP * ). Proof. Assume that 0 = δ ∈ End R (M ). Since M has the property (GP * ), there exists a decomposition
By the hypothesis δ = 0; a contradiction. Thus, M 1 = M and hence, δ is epimorphism. The converse is clear.
Recall from [4, 4.27 ] that a module M is said to be Hopfian if every surjective endomorphism of M is an isomorphism. Proof. Since M is noetherian, it has a finite decomposition noetherian direct summands. By Corollary 2.2, every direct summand has the property (GP * ). By Proposition 2.2, in view of the fact that every noetherian module is Hopfian, each indecomposable direct summand has a division ring. It is clear that every module that has the property (GP * ) is G * −supplemented by the Definition 2.3. 
Recall from [11] that a submodule U of an R-module M is called fully invariant if f (U ) is contained in U for every R-endomorphism f of M . A module M is called duo, if for every submodule of M is fully invariant [9] .
Conversely, let N be Proof. The necessity follows from Theorem 2.1. Conversely, let N i be a module that have the property (GP * ) for all i ∈ {1, 2, . . . , n}. Also let φ = (φ ij ) i,j∈{1,2,...,n} ∈ End(M ) be arbitrary, where (φ ij ) ∈ Hom(M j , M i ). Since M i is a fully invariant submodule of M for all i ∈ {1, 2, . . . , n}, we get
As M i has the property (GP * ), there exists a direct summand N i of M i and a submodule
. Therefore M has the property (GP * ).
Theorem 2.4. The following assertions are equivalent for a ring R.
(1) R is generalized f-semiperfect.
(2) R R is f-Rad-supplemented. Proposition 2.6. Let M be a module which has the property (P * ). Then M has the property (GP * ).
Proof. Let φ : M −→ M be any homomorphism. Since M has the property (P * ), there exist submodules K, K of M such that K ≤ Im(φ), M = K⊕K and Im(φ) ∩ K ⊆ Rad(K ). So M has the property (GP * ).
Example 2.1. (See [2] ) Let F be any field. Consider the commutative ring R which is the direct product ∞ i=0 F i , where F i = F . So R R is a regular ring which is not semisimple. The right R-module R is f-Rad-supplemented but not Rad-supplemented. Since R R is f-Rad-supplemented, R R has the property (GP * ) by Theorem 2.4. As R R is not Rad-supplemented, R R has not the property (P * ).
